INTRODUCTION
Our object hère is to dérive the mathematical formulation of three fluidstructure interaction problems from the point of view of existence and uniqueness of solution and that of the existence of eigenmodes. For the three problems the assumptions leading to linear problems are made : the displacements are small and under the considered assumptions the geometry is fixed (even if a free boundary exists), the solid obeys to the law of linear elasticity and the fluid is either compressible and at rest or is incompressible and subjected to an irrotational motion. Under these hypotheses the évolution of the structure is governed by an évolution équation of the second order in time and the vibrations (the eigenmodes) are solutions of a linear eigenvalue problem. A gênerai mathematical framework which applies to the three physical problems is described in § 1. Then § 2 to 4 are devoted to the study of the following situations : i) Case I : Hydroelasticity ( §2) This example corresponds for instance to the motion of the fuel of a rocket. The solid is the container and the fluid (the fuel) is limited by the container and a f ree surface.
ii) Case II : Elastoacoustics ( §3) In this case a bounded domain is completely filled by the fluid and limited by the solid. The fluid is compressible and at rest and we study the noise generated in the fluid by the vibrations of the vessel.
iii) Case III : Closed shell imbedded in an unlimited fluid ( § 4) In this case the solid is a closed shell with an empty interior and this shell is imbedded in an incompressible unlimited fluid and we study the interactions of this sheil with the surrounding fluid. This case leads to an exterior problem. 
The gênerai assumptions
We are given two Hubert spaces 't" and 3tf> with f* OE <#% the injection being continuous. We are also given a closed subspace V of 1f and we dénote by H the closure of V in Jf. Then V and H are both Hubert spaces when equipped with the scalar product of iT and jf.Vis included in H and the imbedding of V into H is continuous. We dénote by ((.,.)) and (.,.) the defines a norm on H which is equivalent to the given one. We also assume that (1.4) for every X > 0, a + \b is coercive on V, i.e.
there exists o^ = OL X (X ) > 0 such that
It follows from (1.4) that
and that, for every X > 0, Z ^ {a (X y X) + X6 (X, X)} m defines a norm on V which is equivalent to the given one.
The spectral problem
Let V' be the dual of V ; we note that H can be identified to a subspace of Y' so that we have
where each space is dense in the following one and the injections are continuous. We will assume furthermore that
The biimearform b aHows us to define a4inear -continuous .operator in//, B, by setting
vol. 21, n° 2, 1987 B is self-adjoint and invertible. Similarly we define A, linear continuous from V into V' by setting
A is self-adjoint and due to (1.4), for every X > 0, A + \B is invertible linear continuous from V into V'. Note also that due to (1.7), since (A -f kB)' 1 is continuous from V' into V and hence from H into V, (1.10) (A + \B )~ * is a self-adjoint compact operator in H, VX > 0 .
By standard results of spectral theory (see for instance R. Courant and D. Hubert [5] ) there exists a basis in H, { Y)} . e N which is orthonormal in H for the scalar product b (X, Y) and orthogonal in F for a(X, Y), and there exists a séquence of numbers X ; -, such that
O^XJ^XJ^.--, X ; -->oo, ;->oo.
The property X x s= 0 follows obviously from (1.5).
The spectral problem (1.11) will provide the eigenmodes of the vibration problems that we will consider hereafter.
The abstract évolution problem
Let T => 0 be given and let us assume that we are given a family of linear continuous forms on V, L(t)eV', O^t^T, such that LeL 2 (Q,T; V') ( a ) ; as it will appear in the sequel these forms L are related to applied external forces.
In the évolution problem we are looking for a function X from (0, T) into V such that 
i) Of course we can obtain a more regular solution of (1.13)-(1.15) if we assume more regularity on the data L, X 09 X 1 ; for the details see J. M. Guidaglia and R. Teman [6] .
ii) The solution X satisfies also X e L 2 (0,
V') and we have an energy equality (1.17)
\^t-b{X(t) J X(t)) + a{X{t),X(t))= (L(t),X(t)).
This équation is obvious if, as mentionned in i), X is more regular ; it is otherwise proved by approximation {cf. [6] ). he équation (1.18) amounts to a linear évolution System for the g u with initial data provided by (1.19)-(1.20) and the existence of X x follows. We obtain then a priori estimâtes on the X x by using the analogue of (1.17) which show that the X t belong to a bounded set of L°° (0, T ; V ) and the X t belong to a bounded set of L°° (0, T ; H). These estimâtes and appropriate compactness results allow us to pass to limit / -> oo and to obtain a solution X e L 00 (0 5 T ; V ) with JeL 00 (0, T ; ƒ/). ii) For the uniqueness we use the energy equality (1.17) satisfied with L = 0 by the différence X -X -^of two possible solutions X,Xoi (1.13)-(1.15). Finally the continuity properties in (1.16) are proved (see for instance [6, 7] ).
APPLICATIONS IN MECHANICS
We first describe the gênerai framework for our fluid-structure interaction problems (Section 2.1) and then in Sections 2.2 to 2.4 we describe the applications.
The gênerai framework
We dénote by fl s an open set of R 3 which will represent the shape of a thick shell ; another open set Vtf of R 3 represents the domain filled by the fluid. It is assumed that fl s and H ƒ have smooth boundaries dü> s and dftf and that d£l s and d£lf have in common some part F(c dü s U dttf). The rest of the boundary of fl s (the free one) is denoted by 7 ; whence dfl s = F U 7. The vector v with components v l9 v 2 , v 3 will represent the unit outward normal on d£l s and the unit inward normal on d£^.
In a linear theory ( 2 ) under the assumption of small displacements, the unknown are the following ones : t e (0, T)), u = u(x, t) with components Wi(x, t) 9 1 «s i «s 3.
-The Cauchy stress tensors a = <r(x;, r) with components cr i; (x, t), in û r The shell is furthermore subjected to surface forces F = F(t) on its boundary dft, = F U 7 ; we may write F r and F 7 for the restrictions of F to T and 7. We dénote by p" Pƒ the spécifie mass of the shell and the fluid which we assume to be constants ; g is the gravity, c (= constant > 0) is the sound velocity in the fluid.
We dénote by e^ the components of the strain tensor e in Q, s , 
The équations
In O 5 we write the usual équation of conservation of momentum Other gênerai équations are the coupling conditions on T (continuity of normal stresses and normal displacements on F) ;
Other équations which depend on the spécifie problem will be given in each case.
A problem in hydroelasticity
We consider the motion of a fluid O ƒ in a container fi s with a free surface X for the fluid, dVL f = 2UT (see fig. 2.1 ).
The displacements of the fluid (including that of X) are small and given by grad <p. The fluid is incompressible and irrotational and then
Finally we add the condition on X
Our aim is now to set the problem (2.3)-(2.8) into the framework of Section 1. The spaces and forms are chosen as follows : The space V is 
J
Let us show that (1.14) is indeed a weak formulation of the problem. We assume that X is sufficiently regular and satisfies (1.14). This relation is written ( Taking v = 0 and observing that -is still arbitrary on 2, we obtain (2.8).
dv
Lastly we observe that v v is arbitrary on F and (2.24) implies then (2.25) P/ # + F v = (a.vX on T which, together with (2.22) provides (2.5). In conclusion the conditions (2.3X2.6) and (2.7)-(2.8) are satisfied partly by the fact that X(t)eV and partly by the arguments above. It is elementary to go back along the computations and to show that a solution of (2.3)-(2.6), (2.7)-(2.8) satisfies formally (1.13) which is thus a weak formulation of the problem.
There remains to show that the assumptions (1.1)- (1,4) We now apply the results of Section 1. 
The spectral problem

unique fonction X = X(t) = (u(t), <p(t),y(t))
, which satisfies (1.16), the initial conditions (1.15) and is solution to the évolution problem (2.3M2.6), (2.7M2.8).
A problem in elastoacoustics
The fluid completely fills a bounded domain Oƒ which is limited by the shell Q s ; the boundary of ft f is F and the boundary of £l s consists of F and 7 {cf. fig. 2.2 ). 
Ja, Jiif
, X= (M,<P),
Jru 7
It is dear that a and è are biiinear continuous forms respectiveiy on V and H (or 1^* and Jf ) ; it is clear also that b is coercive on H (or Jf) and that a + Kb, X > 0, is coercive on V (we proceed as in Section 2.2 using Korn's inequality for the u component). For the compactness assumption (1.7), let Xj = («ƒ, 9,) be a bounded séquence in V. Then Uj is bounded in H l {£lsf and relatively compact in L 2 (fi s ) 3 ; we note also that w ; . v = --is bounded in H m (Y) (r = dtlf), and since A<p ; is bounded in L 2 (fl f ), we conclude by using the regularity results for the Neumann problem [1] , that <pj is bounded in H 3/2 (£lf) and relatively compact in ^(Çlf). We now show that (1.14) is a weak formulation of the problem. We The condition <p dx = 0 has been added top avoid having to take the quotient by U (see [4] 
Closed shell imbedded in an unlimited fluid
The shell £l s is closed (in the physical sense) and limited by y in its interior and r in the exterior. The unlimited fluid fills the région outside the shell ; we shall dénote by H, the bounded open set C ^/ ( c f- fig-2.3 ). In order to set this problem in the framework of Section 1 we first recall of some results on harmonie functions and introducé the operator T>. We know (see [2 ? 4] ) that the value of 9 on F can be recovered from 5 by an intégral (2.50) ** Jr \*-y\ It is easy to check that a is bilinear continuous on V. [1] . Then let 0 be the intersection of fy with a bail sufficiently large so that f^ is included in this bail. Then F is a connected component of dO and by the trace theorem in /^(ü) [7] , 
